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5.9.1Integrating Further Functions /

Your notes

As with other problems inintegration the results in this revision note may have furtheruses such as

= evaluating a definite integral
= finding the constant of integration
= finding areas underacurve, between aline and a curve or between two curves
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Integrating with Reciprocal Trigonometric Functions /

cosec (cosecant, csc), sec (secant) and cot (cotangent) are the reciprocal functions of sine, cosine and Your notes
tangent respectively.

What are the antiderivatives involving reciprocal trigonometric functions?

fseczxdx=tanx+c
. fsecxtanxdx=secx+c
. fcosecxcotxdx=—cosecx+c

. f cosec? x dx=—cotx+c¢

= These are not givenin the formula booklet directly
= theyarelisted the otherway round as ‘standard derivatives’
= be careful with the negativesin the last two results
= andremember “+c”!

How do lintegrate these if a linear function of x is involved?

= Allintegrationrules could apply alongside the results above
= Theuse of reverse chainrule is particularly common
= Forlinear functions the following results can be useful

1
f sec2(ax+ b) dx= ;tan(ax +b)+c

1
f sec(ax + b) tan(ax + b) dx = ;sec(ax +b)+c¢

1
f cosec(ax + b) cot(ax + b) dx= — gcosec(ax +b)+c

1
f cosec2(ax+ b) dx= — zcot(ax +b)+c

= Theseare notinthe formulabooklet
= theycanbe deduced by spottingreverse chainrule
= theyare not essential toremember but can make problems easier
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O Examiner Tip

Evenif you think you have remembered these antiderivatives, always use the formula booklet to
double check

= those squares, negatives and "1over"'s are easy to get muddled up!
Rememberto use 'adjust' and 'compensate’ forreverse chain rule when coefficients are involved

0 Worked example

w
The graphof y = f(X) where f(X) = f 2sec? 5x dx passes through the point (?, O).

Showthat Sy = 2(\/§ + tan SX).

Reveree chain role i€ needed

] 2sec” S doe = 2‘&% XSSP.(:'1 5x dx

‘Compam\'e} &‘Odjug\:'
o A 420 5% +c “jseclxdx=Jlbnx+clI
[
-J3
At x=%, :j=0 =_2_+cx 5_f_
s 3
c= 23
[
4 2tan G + 23
5 )

y= 2(tan 5 +3)

53‘-‘ D.Lf% * +an Sx)

Page 40of 45
© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers

4

Your notes


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

Integrating with Inverse Trigonometric Functions

arcsin, arccos and arctan are (one-to-one) functions defined as the inverse functions of sine, cosine and

tangentrespectively.

What are the antiderivatives involving the inverse trigonometric functions?

1
. f ————— dx=arcsinx+c¢
V 1—x2
1
. f ~— 5 dx=arctanx +¢
I+x
= Note that the antiderivative involving arcCOS X would arise from
f 1
V 1—x2

= However, the negative canbe treated as a coefficient of -Tand so

1 1
f——m dx=—f—m dx

= Similarly,

dx=arccosx+ ¢
= —arcsin x+c¢

1 1
f —dx=—f — —— dx= —arccosx+c¢
V1-x2 V1-x2

= Unlessaquestionrequires otherwise, stick to the first two results
= Thesearelistedin the formulabooklet the other way round as ‘standard derivatives’

= Forthe antiderivative involving arctan X, note that (1 + X2) isthe same as (X2 + 1)
How do lintegrate these expressions if the denominator is not in the correct form?

= Some problems involve integrands that look very similar to the above
= butthe denominators start with anumber otherthan one
= thereare three particular cases to consider

= The first two casesinvolve denominators of the form a2 + (bX)2 (with or without the square root!)

= |nthecase b =1 (i.e. denominator of the form 32 + X2)there are two standard results

. fﬁ dx= éarctan(%) +c

X
dx= arcsin(—‘ +c, |x|<a

1
'fm \a)

= Both of these are givenin the formula booklet
= Noteinthefirstresult, 82 + X2 could be written X2 + a2
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= Incaseswhere B # 1 thenthe integrand can be rewritten by taking a factor of a? /
= the factorwill be a constant that can be taken outside the integral
= theremaining denominator will then start with 1

4 2 )
= e9.9+4x2=9 1+§X2 =9[1+ 3X

= The third type of problem occurs when the denominator has a (three term) quadratic

= i.e. denominators of the form X2 + bx + ¢
(arearrangement of this is more likely)
= theintegrand canbe rewritten by completing the square

= eg.5—x2+4x=5-(x2+4x)=5-[(x+2)2-4]=9-(x+2)2
This can then be dealt with like the second type of problem above with "X " replaced by "
x+2

= This works since the derivative of X + 2 is the same as the derivative of X

Your notes

Thereis essentially no reverse chain rule to consider

O Examiner Tip

= Always startintegralsinvolving the inverse trig functions by rewriting the denominatorinto a
recognisable form
= The numeratorand/orany constant factors can be dealt with afterwards, using 'adjust’' and
‘compensate’if necessary
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@ Worked example ,

1 Your notes
a) Find[ 9+ 2 dx.

The dencmindtor ic o? Hae formm 02+ S0 ve Yhe recole
fom the formula booklek : “Ji' dx = | arcton Li ) re
o

024"1‘.1 a

n

| dx = | arttan (ﬁ) e
°l+rf‘ 3 3

7

qa:=3*

1
b) Findf m dx.
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The denomindler is o three term opadratic o Youites
Comp\eke Yhe Qt'.ld&"e

C-x 4o = 5-] 2™ kx|
5[ (e-2)-u]
= A-(e-2)’
Now write the idteqra) inte o recognisade form,

I‘J—l d=x =j )V 4=
/5—:‘;"-&% / A= (2e-2)*

Then uvte o S\'\&H\‘ QA&P‘\";OH Yo the recule %‘T’:)m
the %ﬂhu\c\ booklet “[_1  ax = artgin ki)-i—c,"
Jort-x* &

~ I =ocsin Lx 'x) +c
3

Page 8 of 45
© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

Integrating Exponential & Logarithmic Functions
Exponential functions have the general form y = a*. Specialcase: y = €*.

Logarithmic functions have the general form y = 10gaX. Specialcase: Yy = logex =Inx.

What are the antiderivatives of exponential and logarithmic functions?

= Thoseinvolving the special cases have been met before

. f eXdx=eX+c¢

1
. f —dx=In|x|+c¢
X

= These are givenin the formula booklet
= Also

= Thisis also givenin the formulabooklet
= Byreversechainrule

1
[] = +
f na dx=log _|x|+c

= Thisis notin the formula booklet
= butthe derivative oflogaXisgiven

= Thereis also thereverse chainrule to look out for
= thisoccurs when the numeratoris (almost) the derivative of the denominator

f'(x)
. f mdx=ln|1‘(x)|+c

How do lintegrate exponentials and logarithms with a linear function of x involved?

= Forthe special casesinvolving € and In

1
- f eaX+b dx=—eax+b+c
a

1 1
. f —— dx=—In|ax+b|+c
ax+b a

= Forthe general cases

" faPX+de= apxta+ ¢

plna
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1 1 /
. f— dx=—log |px+q|+c
(px+¢q)na p Your notes
= Thesefourresults are notin the formula booklet but all can be derived using ‘adjust and compensate’

fromreverse chainrule

© Examiner Tip

= Rememberto always use the modulus signs for logarithmic termsin the antiderivative
= Onceitisdeducedthat g(x) in In |g(x)|,say, is guaranteed to be positive, the modulus
signs can be replaced with brackets
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4

@ Worked example
Your notes

f24 q 6
a) Showthat Xdx=——.
| In2

Fom the Jorracla booklek, J- adc=_1L a *e

Ina
1 2
-'-Jkdxz[ ! "l'x]
In W

— e - Y
o W %
= o}
o %

12 o W=ln2%: a2
20 2 /

2
- 3 & [
J, Tdx o A

o [ L 4
b) Find (2X- 1) ln 3 X.
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Theresolk |V dx = ! log, [pxe+q|+e
Jlfmi-cn‘ncx P SQ Cl

could be vsed but this is 0ot in the Jormda booklet.

Alkernatively vse reverse chain Tole with the ool
h ‘Hx) = |03Qx, ?Loc) = _ “ which i¢
xloa

gven in the formula beokle!

(—- ‘Géiugk.

.'.I=j | dx = LJ 2 B
(2c-1) In 3 ; (2x-1) 1o 3

‘Compe;ﬁaﬁ!'

& I=_%\o¢33|21-\\ +c

/\ \ ond +c'!

remember the
oA\l 9'\8(\‘3 -
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5.9.2 Further Techniques of Integration /

Your notes
Integration by Substitution
What is integration by substitution?

= [ntegration by substitutionis used when anintegrand where reverse chainrule is either not obvious oris
not spotted
= inthelattercaseitislike a “back-up” method forreverse chainrule

How do l use integration by substitution?

= Forinstances where the substitution is not obvious it will be givenin a question

= e.g. Find f cot x dx using the substitution = sin X

= Substitutions are usually of the form U = g(X)

= insome cases U? = g(X) and othervariations are more convenient
= asthese would not be obvious, they would be givenin a question

= ifneedbe, thiscanberearrangedto find X interms of U

= |ntegration by substitution theninvolves rewriting the integral, including “dx”intermsof U
STEP1
Name the integral to save rewriting it later

Identify the given substitution U = g(X)

STEP?2
du

Find —=— andrearrange into the form f(u) du= g(X) dx such that (some of) the integral canbe

dx

rewritteninterms of U

STEP 3

If limits areinvolved, use U = g(X) to change them from X values to U values

STEP 4
Rewrite the integral so everythingisin terms of U rather than X

Thisis the step when it may become apparent that X is neededinterms of U

STEP5

Integrate withrespect to u and eitherrewrite in terms of X or apply the limits using their U values

= Forquotients the substitution usually involves the denominator
= |tmay be necessary to use ‘adjust and compensate’ to deal with any coefficientsin the integrand
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du

Although —7— canbe treatedlike a fractionit should be appreciated that thisis a ‘shortcut’ and the

dx

maths behind it is beyond the scope of the IB course

O Examiner Tip

= [f asubstitutionis not givenina question, itis usually because itis obvious
= |f youcan't see anything obvious, or you find that your choice of substitution doesn't reduce
the integrand to something easy to integrate, consider that it may not be a substitution
question
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@ Worked example /

Your notes

1
Use the substitution I = (1 + 2X) to evaluate f X(l + 2X)7 dx.
0

CTEe Name“\eiv‘&'eg'nl\_ iden'\".?j +he QJ‘OQ\.T*'U*I'mn
: i
I=[ x(1+2x) ax
-]
v: |+

OTeP 2¢ Find do Ond fearrange

daxc
do |
dac 2
édu = dx

sep 3¢ Change limits Jrom 2 volves 46 0 vloes
=0, o=1+2(0)=\
x=l, v=l+2():3
Ster i wa#e*ke'nn'\'earq\_ 'findxm'ﬁ%l'rrﬁ o?u
. \ N g 7
1s j E’lu-l)u-rxéc\u 3 ;j (u -0 ) do
H T v
x ih‘*ﬁﬁvﬁﬁu

u=1+2x
& X ='-z(u-i)

QTEP S: ln+e3r55'e Ctﬁd e\fn\un‘h&
. uﬁ 2 3
ag-5,

a3 2)-(-+)

I 1%
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Integration by Parts
What s integration by parts?

= |ntegration by partsis generally used to integrate the product of two functions
= howeverreverse chainrule and/or substitution should be considered first

= eg. f 2XCOS(X2) dx canbe solved using reverse chainrule or the substitution U = x?2

= |ntegration by partsis essentially ‘reverse productrule’
= whilst every product can be differentiated, not every product can be integrated (analytically)

What is the formula for integration by parts?

. fu%dx=uv—fv%dx

] Thisisgivenintheformulabookletalongsideitsalternativeformf udv=uv—f vdu

How do luse integration by parts?

dv

= Foragivenintegral U and —— (ratherthan U and V) are assigned functions of X

dx

= Generally, the function that becomes simpler when differentiated should be assigned to U
= There are various stages of integrating in this method
= only one overall constant of integration (“+c”) is required
= putthisinat thelast stage of working
= ifitisadefiniteintegralthen “+c”isnotrequired at all
STEP1
Name the integral if it doesn’t have one already!
This saves having to rewrite it several times - lis often used for this purpose.

e.g.1=f xsin x dx

STEP?2
dv

Assign Uand 5.

dx
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du dv /
Differentiate U to find d_ andintegrate d_ tofind vV
X X Your notes

u=Xx V= —C0S X
e.g. du 1 dv .

- = ) —SIinx

dx dx
STEP 3

Apply the integration by parts formula

eg. I= —xcosx—f —cos x dx

STEP 4
du

Work out the second integral, v— dx

dx

Now include a “+c” (unless definite integration)
eg. /= —Xxcosx +sinx+c

STEP5
Simplify the answer if possible or apply the limits for definite integration

eg. I=sin x—xcosx+c¢

= |ntrickier problems otherrules of differentiation and integration may be needed
= chain, product or quotientrule
= reverse chainrule, substitution

Canintegration by parts be used when there is only a single function?

= Some single functions (non-products) are awkward to integrate directly
= eg. y=Inx, y=arcsin x, y = arccos X, y = arctan x
= These canbeintegrated using parts however

dv
= rewrite as the product ‘1 X f(X) andchoose U = f(X) and d_ =1
X
= Tiseasytointegrate andthe functions above have standard derivatives listed in the formula
booklet
Page 17 of 45
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O Examiner Tip /

Your notes
= If In X oroneof theinverse trig functions are one of the functions involvedin the product then

these should be assignedto " " when applying parts

= They are (realtively) easy to differentiate (to find Ur) but are awkward to integrate
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@ Worked example /
Your notes

a) Findf 5xe3x dx.

STEP 1: Namethe 'm‘\'e:j‘ o\
3x
RN

STEep 2 F\egsn L 0 V'

Fu-r\A o and v
3
v X v:l_-;e * K@ve\'ge dwd.m\_o\e)
i . 3=
v=| v=e
x becomed Gimpler when dwd\&

Stee 3 P‘Pp\f Yhe 'tn'\'eai'd\%on \Dy Pm‘\B SEOTm ola
T=b -éxeax— ]’ée&t éxj|

ceP W Work oot the cecond in“l'ea\'&\

1: S éx_e?’x - 'Iqegx + C% inc\ode " +¢ a lagk wof\-ﬂ'ma 9‘\2133
) R"f'evefs.e chain ole
A=Y S\ﬁ"p\l?(:)
3=
I- %e (31-\) tc

b) Showthat f 8xIn x dx=2x2(1+1nx2) + c.
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STEP I: Name the ‘\n‘\fesro\

._[:J, Bocln x dxc

cvep2: Aign v acd V' - o6 Jo e iovdved, v=lnx
Fed o amd v
CEN S ve ol
o= o v'= 8x
Stier 3 Reply Yhe ’\n'\'eard\im by porte ormola

I- H—f‘ln:c-JLszx—.:;_ dx = L“DC%\“I']L‘"CAI

crep w: Work oot the cecond in'\'ear&\, inclode "+ cﬁ thie S\'O.se
1= %Plo = - i +e

CEr S S\rnp\\q\za
=2 (ﬂ\nx -\) *e

& L2 sz\\nxz_\) +*c
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Repeated Integration by Parts /
When will  have to repeat integration by parts? Your notes

= |nsome problems, applyingintegration by parts still leaves the secondintegral as a product of two
functions of X
= integration by parts willneed to be applied again to the second integral
= This occurs when one of the functions takes more than one derivative to become simple enough to
make the second integral straightforward

= These functions usually have the form ng(X)

How do | apply integration by parts more than once?

STEP1
Name the integral if it doesn’t have one already!

STEP 2
dv du
Assign Uand —— . Find —7— and V
° dx dx
STEP 3

Apply the integration by parts formula

STEP 4
Repeat STEPS 2 and 3 for the second integral

STEP5
Work out the second integral andinclude a “+c” if necessary

STEP 6
Simplify the answer or apply limits

What if neither function ever becomes simpler when differentiating?

= |tis possible thatintegration by parts willend up in a seemingly endless loop
= considerthe product €¥sin X
= the derivative of €X is €X
» nomatterhow many times a functioninvolving €% is differentiated, it will stillinvolve €X
= the derivative of SIN X is COS X
= COS X would then have derivative —SINn X, and soon
= no matterhow many times a functioninvolving Sin X or COS X is differentiated, it will still

involve SIN X or COS X
= Thisloop canbe trapped by spotting when the second integral becomes identical to (or a multiple of)
the originalintegral

= naming the original integral (/) at the start helps
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= Jthen appears twiceinintegration by parts /
= eg [= g(X) -1
whereg(X) are parts of the integral not requiring further work
= |tisthen straightforward torearrange and solve the problem
= eg2l= g(X) +c

1
1= 5g(x)+c

Your notes
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@ Worked example /

Your notes
a) Findf x2cos x dx.

STeP 1: Name the 'm‘\'eg‘h\
T- J %7008 x A

STep 2 9%13:\ v and V'
Fed 0 ond v
u= 1‘.2 V=8Sinx
o'= le‘ v'=cos
" becomed Gingdler when diferatiated
Ster 3 Reply the 'tn'\'eard\ion by parte formola
I: X Sinx - 2j >CSin ¢ A

SRR W Repear STERS 2 ara 3 For the Second 'm‘\'eﬂ—aL
vz X Vi-cosx

o= v'= 6o
1= ngin x -2[—3(;(:09 ™~ I- CcC x d:c.jl
P 5: Work ook ¥he Second icfeqral now - i¢ 9\1&'\3\%&1—@&%

[=2C%in e +Aocect 2 =280 2 + ¢

CerP6: S\ﬂ'lp\\?s

1= (3?- D.)Sin ac ¥2xc8c + ¢

b) Find f eXsin x dx.

Page 23 of 45

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

4

STER T Mossute ‘m-\'eg-o\ Your notes
1 J exSin x A

Svep 2 R‘Seie)n v acd Vv'. Nether %um‘\'?on becomes Gimpler when
dferedticved. Fad 0 ond v

o

v= e V==0n8 o
x .

u'=¢ v'=0in x

Ciee 3 P‘va Yhe '\ﬁ\'eal'd\;\on \Dy Pm"\"s SED‘\‘mu\r.L
T=-€%ces -j-exmg x dx = -excds o +Xexcoe x A

ST w: Repedr STERS 2 ana 3 Jor the cecond inteqal
U:@x v=G\0 ¢

- o
v=e v'= CoS

T=-€cox +{Qx§m o —Kexgm o dcc}

Qgé*“u* thic & the cacme a8
e orighmel queg\‘m, ve. 1
oep 5 "Work oot dhe cecond integ, include “+c" af Hhis Saqe
I: ¢ sinx-ectx-L+e
oepe: Simphty
Ji=g Le‘m e-c o) +¢

o 1= -;:e‘x' ks'\n ¢ - Co5 m) il lw\.ere €, -'ic)
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5.9.3 Integrating with Partial Fractions

Integrating with Partial Fractions
What are partial fractions?

= Partial fractions arise when a quotient is rewritten as the sum of fractions
= Theprocessis the opposite of adding or subtracting fractions
= Eachpartial fraction has adenominator whichis alinear factor of the quotient’s denominator

» e.g. Aquotient with adenominatorof X2 +4x + 3
= factorisesto (X + 1)(X + 3)
= sothe quotient will splitinto two partial fractions
= onewiththe (Iinear)denominator(x + 1)

= onewiththe (Iinear)denominator(x + 3)

How do Il know when to use partial fractions in integration?

= Forthis course, the denominators of the quotient will be of quadratic form
« e fx)=ax2+bx+c
£'(x)

= checktoseeif the quotient canbe writtenin the form ﬁ
X

= inthiscase, reverse chainrule applies
= |f the denominator does not factorise then the inverse trigonometric functions are involved

How do lintegrate using partial fractions?

STEP1
Write the quotient in the integrand as the sum of partial fractions
This involves factorising the denominator, writing it as an identity of two partial fractions and using

values of X to find theirnumerators

I—f;d—f ! d—lf L S
917 ) rax+3 YT GrDGH3) T2 \x+1 T x+3 )Y

STEP 2
Integrate each partial fraction leading to an expression involving the sum of natural logarithms

1 1 1 1
e.@,.1=5‘/’ (x+1 - X+3)dx=5[ln x+1[-In|x+3|]+c

STEP 3
Use the laws of logarithms to simplify the expression and/or apply the limits
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(Simplifying first may make applying the limits easier) /
/ 1l x+1 v
eg.l=71In +c our notes
° 2 x+3

= Byrewriting the constant of integration as alogarithm (C = In k, say)itis possible to write the final
answerasasingle term

1
eg = Eln

x+1
x+3

x+1

+3

+Ink=Inlk

k=1 x+1
+Ink=1In ~+3

O Examiner Tip

= Always checkto see if the numerator can be written as the derivative of the denominator
= [fsothenitisreverse chainrule, not partial fractions
= Use the number of marks a questionis worth to help judge how much work should be involved
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@ Worked example

. f 3x+1
Find m dx.

The in‘*’eﬁﬁand 5 NOT o e ?crm E bt +he denomindier doee %danse

)
STEP 1+ While the quo‘\‘.ecf\' os partiol fractions
34| . _A B
243x-10  x+5 = =-2

B+l 2 Ale-2) + B(x+5)
lek x=2, T7=78, 8=\

Let x=-5 -I4==TA Q=2

. 3+l . 2 s
: I:J—x%ax-no ax-J e ® x_l) de

STEP 2: ln‘\'egra'\'e the partiol frackons
=200 |z +8) # o | x-2|+c

STeP 3: Gimp\ﬂ—b wsing lows of logarrthme
T= o (c+5) +la|x-2)+c

210 | (ees) (x-2)) +e
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5.9.4 Advanced Applications of Integration /

Your notes

Area Between Curve & y-axis

What is meant by the area between a curve and the y-axis?

A /

¢ y = fx)
R

a

v
=

0] X

b
AREA OF REGION R =§ Ix| dy

ad

= Theareareferredtoistheregionbounded by
= thegraphof y = f(X)
= the Y-axis
= thehorizontalline Yy = a4

= thehorizontalline y = b
= The exactareacanbe found by evaluating a definite integral

= Thegraphof y = f(X) could be a straightline
= using basic shape area formulae may be easier thanintegration

1
= e.g.area of atrapezium: A = Eb(a+ b)

How do | find the area between a curve and the y-axis?

= Usethe formula
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a=["Ixlay s
a

Your notes

= Thisis givenin the formula booklet
= Thefunctionis normally givenin the form y = f(X)
= sowillneedrearranginginto the form X = g(y)

= aandb may not be given directly as couldinvolve the X -axis (y = 0)and/orarootof X = g(y)

= useaGDCtoplotthe curve, sketchitand highlight the area to help
STEP1

Identify the limits @ and b

Sketchthe graphof Yy = f(X) oruse a GDCtodo so, especiallyif & and b are not givendirectlyin
the question

STEP 2

Rearrange y = f(X) into the form X = g(y)
This is similar to finding the inverse function ! (X)

STEP 3
Evaluate the formula to evaluate the integral and find the area required

If using a GDC remember to include the modulus (| ... |) symbols around X

= |ntrickier problems some (or all) of the area may be ‘negative’
= thiswillbe any area thatis left of the y-axis (negative X-values)
= | X|makes such areas ‘positive’
= aGDCwillapply ‘| X|" automatically aslong as the | ... | are included

= otherwise, to apply ‘| X|’, split the integral into positive and negative parts; write an integral and
evaluate each part separately and add the modulus of each part together to give the total area

O Examiner Tip

= Sketchand/oruse your GDC to help visualise what the problemlooks like
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@ Worked example

Find the area enclosed by the curve with equation ¥ = 2 + 4/ X + 4, the y-axis and the horizontal
lines with equations y =3 and y = 6.

STeP\: léen‘\‘\?'j ‘imi\?G, ket sl'ag-k'uge GoC

Ft'om GOoC. .33 z //'j= 2*»‘;.—*:
/4—3

I 7
=k

STeP 2: Rearranae 5=$Lx) o x‘—gbj)
y: 2+dxrw
R
x= 5’4..5
oter 3 Fvalodie i esr&\ Yo §icd aven
Rs come orea. ‘ie' negative, cpht the iaveqal

Y 6

A: ‘J (Lf- hﬂ) 65 ' S Lt;-kb) A:j “: vSing GOC you €ao
3 Y

¥\ do ¥hie ia ore e’

X
ﬁ—mGDC}cke’rch S 1_\1_
L [ty 4y

thc asen e neogive
A [£-%5] £ -]
[P -]

A= 32 5

3 3

o H= %T" SC\ON'E Uﬁf\g
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Volumes of Revolution Around x-axis
What is a volume of revolution around the x-axis?

= Asolid of revolutionis formed when an area bounded by a function y = f(X)

(and otherboundary equations)isrotated 2 TT radians (360 °) around the X -axis
= The volume of revolution is the volume of this solid

y A\

y = f(x)
0' a b x
YA

y = f(x)

ROTATED AROUND
' THE x—AXIS

\

xV
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= Be careful - the 'front’ and ‘back’ of this solid are flat /
= theywere created from straight (vertical) lines

= 3D sketches canbe misleading Your notes

How do I solve problems involving the volume of revolution around x-axis?

= Usethe formula

V= ﬂfby2 dx
a

= Thisis givenin the formula booklet
= Visafunctionof X
» X=4andX= barethe equations of the (vertical) lines bounding the area

» If X=4and X = barenotstatedina question, the boundaries couldinvolve the Y -axis (X = O)

and/orarootof y = f(X)

= UseaGDCtoplotthe curve, sketchitand highlight the area to help
= Visualising the solid created is helpful

= Try sketching some functions and their solids of revolution to help

STEP1

Identify the limits @ and b
Sketching the graphof Yy = f(X) orusing a GDC to do sois helpful, especially when 8 and bare
not givendirectly in the question

STEP 2
Square y
STEP 3

Use the formula to evaluate the integral and find the volume of revolution
An answer may be requiredin exact form

©O Examiner Tip

= |fthe given functioninvolves a square root(s), problems can seem quite daunting
= However, thisis often deliberate, as the square root will be squared when applying the Volume
of Revolution formula, and should leave the integrand as something more manageable
= Whetheradiagramis given ornot, using your GDC to plot the curve, limits, etc (where possible)
can help you to visualise and make progress with problems
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@ Worked example ,

Your notes
Find the volume of the solid of revolution formed by rotating the region bounded by the graph of

y= 3x2+2 ,the coordinate axes and the line X = 3 by 2 7T radians around the X-axis. Give your
answer as an exact multiple of TT.

oTeP \: |Aeﬁ’1’t<113 kmite, cketeh gragh|use 60C

Fl‘om GDC,
y* 32+
— thelice x=3
OV EE
boun Yhe
ont! g
kP 2: chaa\"e Y
2
31: L-.I’.')xli-l\ = 39&1*1
oteP 3+ Find Yhe volosne
3 3
\= TT‘L k?ﬁx‘l"‘l) dx = 11{13+2:>r1°
4T kQ.T‘l—G)
~\=337r cubic unive
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Volumes of Revolution Around y-axis

What is a volume of revolution around the y-axis?

= Verysimilarto above, this is a solid of revolution which is formed when an area bounded by a function

y= f(X) (and otherboundary equations)isrotated 2 T radians (360°) aroundthe Yy -axis

= The volume of revolutionis the volume of this solid

How do | solve problems involving the volume of revolution around y-axis?

Use the formula

V=T[‘/‘bX2 dy

a

Thisis givenin the formula booklet
The functionis usually givenin the form y = f(X)

= sowillneedrearranginginto the form X = g(y)

aand b may not be given directly as couldinvolve the X -axis (Y = 0)and/orarootof X = g(y)

= UseaGDCtoplotthe curve, sketchitand highlight the area to help

Visualising the solid created is helpful

STEP1
Identify the limits & and b

Sketching the graph of ¥ = f(X) orusinga GDC to do sois helpful, especially if & and b are not
givendirectly in the question

STEP2
Rearrange Yy = f(X) into the form X = g(y)

Thisis similar to finding the inverse function f_l(X)

STEP 3
Square X

STEP 4
Use the formula to evaluate the integral and find the volume of revolution
An answer may be requiredin exact form

O Examiner Tip

If the given functioninvolves a square root, problems can seem quite daunting
= Thisis oftendeliberate, as the square root will be squared when applying the Volume of
Revolution formula and the integrand will then become more manageable

= Whetheradiagramis given or not, using your GDC to plot the curve, limits, etc (where possible)

can help you to visualise the problem and make progress
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@ Worked example /

Your notes
Find the volume of the solid of revolution formed by rotating the region bounded by the graph of

y= arcsin (2X + 1) and the coordinate axes by2T[ radians around the Y -axis. Give youranswer
to three significant figures.
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STeEP\: |clen'\"\$—3 \imi\ZG, ket sra‘:\-.'uge GoC
Fl"'om G‘DC ;

7 X
0
| bounded by the
cpo\"d'\f\r.ﬁ'e oxes

v a=0, b=m/2

SteP2: Re&ﬂ'a.nae Y= g:(x‘) o = %(5)
y= arCSin (2e+\)
Cio y = 2o +\
;= ikg'\nb = \)
CkP 3: Qquo.\'e x
- S 2
x = :\S'\n 5-\)
oTeP b Find the volusne

T, 2
v: “-J :kginb—’t) 63
(o]

Ac theis awkuword, vse yoor GOC bt
" yoor GOC wil\ expeck the in'\'eg\"ané i Ferme o x

'\"emem\:ﬂ' m |
\/= 0-27% 754 ...

% \= 0280 clsic oove (3 ef)
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5.9.5 Modelling with Volumes of Revolution /

Your notes

The volume of the solid of revolution formed by rotating an area through 2 Tt radians around the X -axis is

b b
V= T[f y2 dx, andforthe y-axisis V= T[f x2 dy. These are both given in the formula booklet.
a a
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Adding & Subtracting Volumes

When would volumes of revolution need to be added or subtracted?

= The ‘curve’ boundary of an area may consist of more than one function of X
= Forexample
= the ‘curve’ boundary from X = Otox=3 isy= f(x)
= the ‘curve’ boundary from X = 3tox=6 isy= g(X)

3 6
= Sothe total volume wouldbe V' = ‘l'[f [A(x)]? dx + T[f [g(x)]? dx
0 3
= The solid of revolution may have a ‘hole’ init
= e.g.a ‘toiletroll’ shape would be the difference of two cylindrical volumes

How do I know whether to add or subtract volumes of revolution?

= Whenthe areato be rotated around the X -axis has more than one function definingits boundary it can
be trickier to tellwhether to add or subtract volumes of revolution
= |twilldepend on the nature of the functions and their points of intersection
= With help from a GDC, sketch the graph of the functions and highlight the area required

How do | solve problems involving adding or subtracting volumes of revolution?

= Visualising the solid created becomes increasingly useful (but also trickier) for shapes generated by
separate volumes of revolution
= Continue trying to sketch the functions and their solids of revolution to help
STEP1
Identify the functions (y= f(X), y= g(X), ) involved in generating the volume
Determine whether the separate volumes willneed to be added or subtracted
Identify the limits for each volume involved
Sketching the graphs of Yy = f(X) and y = g(X), orusinga GDC to do so, is helpful, especially
when the limits are not given directly in the question

STEP 2
Square Y forall functions ([f(X)]z, [g(X)]z, )

This stepis not essential if a GDC can be used to calculate integrals and an exact answeris not
required.

STEP 3

Use the appropriate volume of revolution formula for each part, evaluate the definite integral and
add or subtract as necessary

The answer may be required in exact form
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O Examiner Tip /

Your notes
= Asketch of the graph, limits, etc is always helpful, whether one has been givenin the question or

not
= Useyour GDC where possible
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@ Worked example /

Your notes
Find the volume of revolution of the solid formed by rotating the region enclosed by the positive

coordinate axes and the graphs of ¥ = 2% and y =4 — 2X by 2 Tt radians around the X-axis. Give
your answer to three significant figures.

CTeP \: ldenh?.j ?uné‘\img, limite and whether ¥ add or SU\stack
Use 60C 16 help ckeith the graghe
From GOC. 47 y=2*

2%y
=2
E.‘L |j= 2‘: 2

t 9 %
\
\'=V|+V3_ LJ=H-—2

For R, a=0, b=\

For Ry, a=\, b=2,
STep2: Square ol Torctiors - hie cep i od required inthie quechion
oer3: Uge frmola Jor each part, @valude and add

\ 2
V= n-j L}‘L)" Ao + 11'1 klr- Jj't)1 dxc
o \
Ogce ljour GoC Yo edudie e, onod JTSP'“-»S efert evaode

cach 'm'\'eero\ Sepaﬁcﬁ'e\:\, 9'\_0\"&'\0 memory, '\'\en odd
V= 6798 SWO...+ LAY\ 68\ = W-740 ...

“N= T euvbic units k?' 3‘:)
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Modelling with Volumes of Revolution
What is meant by modelling volumes of revolution?

= Many everyday objects such as buckets, beakers, vases and lamp shades can be modelled as a solid of
revolution

= Thevolume of revolution of the solid can then be calculated

= Anobjectthat would usually stand upright can be modelled horizontally so its volume of revolution
canbefound

What modelling assumptions are there with volumes of revolution?

= The solids formed are usually the main shape of the body of the object
= Forexample, the handle on a bucket would not be included
= The thickness of the solid is negligible relative to the size of the object
= thickness willdepend onthe purpose of the object and the material itis made from

How do I solve modelling problems with volumes of revolution?

= Visualising and sketching the solid formed can help with starting problems
= Familiarity with applying the volume of revolution fomulae

b
= around the x-axis: V=f _)/2 dx
a

b
= around the y-axis: V=f x2 dy
a

= Thevolume of revolution may involve adding or subtracting partial volumes
= Questions may ask related questionsin context
= g.Aquestionabout abucket may ask aboutits capacity
= thiswould be measuredinlitres
= soaconversion of units may be required
= (1000cm®=Tlitre)
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O Examiner Tip /

, , Your notes
= Rememberto answer questions directly

= |Inmodelling scenarios, interpretationis often needed after finding the "final answer’
= Modelling questions often ask about assumptions, criticisms and/orimprovements
= Examples
= jtisassumed the thickness of the material an object is made fromis negligible
= a'smooth’ curve may not be agood modelif the itemis being made from a rough material
= otherthings may significantly reduce the volume found and impact conclusions
= e.g. Stones, plants and decorations placed in an aquarium will reduce the volume of
waterneeded to fillit - and hence the number/size/type of fishit canaccommodate may
beimpacted
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@ Worked example /

Your notes
The diagram below shows the region R, whichis bounded by the function y = 1/ X — 1  thelines

X=2andx = 10,and the X -axis.

Dimensions are in centimetres.

L& S | ‘ |

o

- _ _ i
Amathematical model foraminiature vase is produced by rotating the region R through 2m radians

around the x-axis.

Find the volume of the miniature vase, giving your answer in litres to three significant figures.
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sTer 1 \dedliy Yiite
o=
b=10

STEP 2 Squm'e Y )
5" () = -\

CRP3  Fausethe '\c‘x\'eamk

\0
V:. FL (_‘,’C-\) é(,t = 71'[-0'51.1‘ I]:)

3 n‘[(SO-\o)— La.—n)}

- 40
Now we ceed Yo 'mjfﬁ'pfe}: e io ‘“‘e Con'\'d?.x\:
& The miciodure vose

Y= 4Oor con”

V= 4omr litrea |000ce>=\ \ifre
s 00

V=025 663 ...

Volome o the minidure vage is 0126 litee (3 o)
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